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the nominal (macroscopic) elongation a of the specimen, 
however. 

Making comparisons at cy = 2, we note from the work 
of Read and Stein’ that D - 1 = 4.5 for the 2016-cm-‘ 
combination band representing truns sequences . . . 
fur. , , of mor; than four bonds. The transition mo- 
ment is parallel to the a’ axis (Figure 1C). Our calcula- 
tions, with u = 0.544 and w = 0.0875, give Gz*(a’) = 

6.7 for the tttt conformation. The values of D - 1 and 
Gn*(calculated) are not to be compared directly; they 
are significant only in rzlation to  values for other bands. 

For the 1352-cm-l wagging frequency of the CHp 
group situated between gauche (g*g*) bonds, Read 
and Stein found D - 1 = 0.3 at  a = 2. Its transition 
moment is in the direction of axis a’ (Figure 1C). Our 
calculations yield Gs*(u’) = 1.1. 

The transition moment for the 1303-cm-1 band, rep- 
resenting wagging of the CH, groups in g*ttg* and 
g*tg* conformations, is directed between the a and b 
axes of Figure 1A. According to Read and Stein, D - 
1 i= 0.1 at = 2. Our calculations, confined to  sym- 
metry axes taken individually, yield Gz*(a) = - 1.4 and 
-2.4 for the g*tg= and g*tg= conformations, respec- 
tively, and G2*(b) = 3.7 and 2.7 correspondingly for the 

h axis. Hence, the calculated results are consistent with 
a value of D - 1 near zero. 

The 1078-cm-l band is attributedlsll to C-C bond 
stretching for both t and g conformations. The tran- 
sition dipole for the former is very small owing to the 
centrosymmetry of the bond in this conformation. 
Hence, this band may be assumed to arise prepon- 
derantly from gauche bonds. The transition moment is 
parallel to c’ (Figure 1B). According to the results of 
Read and Stein,l D - 1 = -0.3 at cy = 2. Weob- 
tain Gz*(c’) = -2.1. 

Qualitative agreement between the calculated prefer- 
ential orientations and infrared dichroic measurements 
is demonstrated by these comparisons. It is noteworthy 
that the conventional model of a chain comprising freely 
jointed segments is incapable of interrelating dichroism 
and the location of the transition moment within the 
skeletal structure of the real chain. 
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ABSTRACT: An improvement of the cell model for the liquid state by the introduction of vacancies in the lattice 
is considered. Two alternative assumptions (I and 11), relating the cell partition function to the equilibrium fraction 
of vacancies, are employed. In I we average linearly over “solidlike” and “gaslike” free lengths or modes of mo- 
tion, and in I1 over the free volumes themselves. The square-well approximation to the cell potential is used and 
nonnearest neighbor contributions to the lattice energy are included. The theory is applied to both spherical and 
chain molecules. In the liquid state, the properties studied are the equation of state, the cohesive energy, the in- 
ternal entropy, and the internal pressure. For spherical molecules, critical and vapor pressure data and isotherms 
in the dense gas region are also computed. The comparison with experimental data of argon makes use of the 
reducing factors derived from second virial coefficients. Formulation I is found to be considerably superior to 
both the cell model and assumption 11. For polymers a superposition procedure must be used for purposes of 
comparison. In contrast to the cell theory, the hole theory, in either formulation, describzs accurately the experi- 
mental reduced zero pressure isobar over the whole range. Although promising, no decisive superiority over the 
cell theory in respect to other properties is observed in the present formulation. The theory does not lead strictly 
to a principle of corresponding states, but the resulting families of curves are practically superimposable. In order 
to compare the relative position of theory and experimmt for the two types of liquids, the analysis of argon data 
is repeated by means of a superposition procedure. Differences appear in respect to the internal pressure and the 
compressibility, suggesting that the basic steps used to make the transition from spherical to chain fluids must be 
reexamined. 

I. Introduction order to  estimate physical properties under conditions 

In recent years increasing attention has been given to 
finding general relations which describe thermodynamic 
properties of chain molecule liquids and amorphous 
polymers. In addition to the intrinsic problem in the 
theory of the liquid state, these relations are needed in 

(1) (a) Division of Macromolecular Science, Case Western 
Reserve University, Cleveland, Ohio 41 106. (b) Department de 
Chimie, Universite de Sherbrooke, Sherbrooke, P. Q., Canada. 

unavailable experimentally and as a tool in the study of 
mixtures. The transition from the theoretical approach 
for spherical molecules to  the case of chain liquids was 
made possible by Prigogine’s introduction*a of the con- 
cept of external degrees of freedom. Subsequently, 

(2) (a) I .  Prigogine, “The Molecular Theory of Solutions,” 
North Holland Publishing Co., Amsterdam, 1957;  (b) J. 
Hijrnans, Physica, 27, 433 (1961). 



SPHERICAL AND CHAIN MOLECULE FLUIDS 343 

Hijmans*b formulated necessary conditions for the ex- 
istence of a phenomenological principle of corre- 
sponding states. 
In previous work3-s the equation of state and related 

properties of several oligomer and polymer systems were 
shown to conform to corresponding state relations. 
The master curve describing the behavior of these sub- 
stances was compared with the predictions of the cell 
model, in particular using the square-well approxima- 
tion. It was found that the agreement between theory 
and experiment is limited to the zero pressure isobar3 
and the cohesive energy density5 in a rangz of reduced 
volumes f between 1.0 and 1.2. The model fails in 
describing the internal pressure and the compressibility. 

It is well known that the cell model ascribes to the 
liquid a structure more appropriate to  the solid state and 
hence does not yield enough entropy. By allowing for 
empty sites, a mixing term is added to  the entropy, 
which may correct this deficiency of the cell theory, 
while retaining much of the tractability of the model. 
The critical step here is the nature of the assumption 
regarding the dependence of the free volume on thz 
number of empty sites. Two general expressions have 
been pro2osed for spherical molecules. One is based6 
on a linear dependence of the logarithm of the free 
volume on the number of vacancies and the other on a 
linear dependence of the free volume itself. The various 
theories proposed differ in the choice of the combina- 
tory factor and in some details of the linear relations 
just mentioned. 

We have already presented the general formalism for 
the introduction of holes in a lattice occupied by chain 
molecules.: The consequences of the linerization of the 
logarithm of the free volume and the complications 
arising from the chain character of the molecule were 
discussed at  that occasion. For  argon, on the other 
hand, the best agreement has been observed with a free 
volume which varies linearly with the number of va- 
c a n c i e ~ . ~ - ~  As in the method of significant structures'" 
this relation is based on the idea that a spherical 
molecule acquires gaslike properties when neighboring a 
hole. However, in the cell model employed for chain 
liquids, the free volume contribution of a molecule is 
factorized' into 3c elements, where 3c is the number of 
independent external degrees of freedom. Thus averag- 
ing over individual modes of motion or degrees of 
freedom may represent a physically more satisfactory 
assumption than averaging over units of three degrees 
of freedom. We shall test the assumption that only the 
motion in the direction of a neighboring vacancy is af- 
fected for spherical molecules as well. 

For  rare gas fluids, the method of molecular distri- 
bution functions has been extensively explored in recent 

(3) V. S. Nanda a n d  R .  Simha, J .  Ph),s. Chem., 68, 3158 

(4) V. S .  Nanda and R. Simha, J .  Chem. Phj,s., 41, 3870 

( 5 )  V. S.  Nanda, R .  Simha, and T. Somcynsky, J .  Pol.rm. Sci., 

(6) J. S. Ro\*linsoii and  C. F. Curtiss, J .  Ch~nr .  Phi's, ,  19, I519 

(7) D. Henderson. ibid., 37, 631 (1962). 
(8) A .  G. McLellan, ibid., 40, 567 (1964). 
(9) G .  E. Blomgren, ibid., 38, 1714 (1963). 
( I O )  H. Eyring, D. Henderson, B. J. Jones, a!id E.  W .  Eyring, 

"Statistical Mechanics and D y ~ ~ q i i c s . ' '  John Wile4 & Sons. 
New York, N .  Y. ,  1964. 

(1964). 

(1964). 

Parr C,  12, 277 (1966). 

(1951). 

years by means of various alternative approximations 
and has resulted in some notable numerical successes. 1 1  
Also Weissmann12 has explored by means of Monte 
Carlo computations the actual dependence of the free 
volume on the fraction of vacancies. The isotherm cal- 
culated near the critical temperature disagrees with ex- 
periment for argon. However, this does not neces- 
sarily indicate an inadequacy of the free volume model. 
The size of the sample used and the requirement for ac- 
curate derivatives of the computed function may be the 
cause of the discrepancy. In this connection one of us1:' 
has shown that eq 1 in section 11, with a free volume 
function derived from experiment and consistent with a 
minimization of the free energy, predicts several addi- 
tional properties of argon very well. Finally, the free 
volume approach, in contrast to the molecular distri- 
butions function theories, a t  least by analytical proce- 
dures, permits a ready generalization for chain liquids. 

In this paper we explore the applicability of the two 
alternative linearizations of the external degrees of 
freedom mentioned above. Our primary interest is the 
amorphous polymer. However, it becomes desirable 
and actually necessary for two reasons to investigate 
monomer-type systems as well. For several simple 
liquids, the reducing parameters are known and no dis- 
posable constants remain. For polymers, on the other 
hand, the comparison with a theory expressed in di- 
mensionless variables requires by necessity a superposi- 
tion procedure, since we have no independent knowl- 
edge of the reducing parameters. Second, by com- 
paring in the same manner the position of the theory 
cis d cis experiment for the two types of systems, the 
consequences of introducing the additional parameter 
c should become apparent. We shall use argon where 
detailed experimental data are available. Moreover it 
has served previously as a test substance for compari- 
sons with theory and it is representative for a whole 
class of substances which satisfy an experimental prin- 
ciple of corresponding states. The theoretical develop- 
ment is presented in the next section. It will be conve- 
nient to evaluate the simpler case of argon (section 111) 
before dealing with the polymer liquid (section IV).  

11. Theoretical Development 

We write the configurational partition function for a 
system of N s-mer molecules, occupying a fraction y of 
the total number of available sites, as 

2 = g(N,  ~ ) [ c d V ,  y)]'" exp[-EdV, .v)/liTl (1) 

where g represents the combinatory factor, arising from 
the mixing of molecules and unoccupied sites, cI the free 
volume per each three of the total number 3c of external 
degrees of freedom attributed to  a chain, and Eo the 
potential energy of the system with all segments placed 
in their rest positions. We shall assume the holes to be 
of uniform size and obtain the factor g from the theory 
of Flory and of Huggins. Retaining the part pertinent 
for our purposes, one has5 

( 1 1 )  See, for example, J. A.  Barker and D. Henderson, J .  

(12) M .  Weissmann, ibid., 40, 175 (1964). 
(13) T. Somcynsky, unpublished. 

Chem. Phqs.,  47,4714 (1967). 
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and for Eo, introducing the cell volume u = yV/(Ns) = 

YV 
2Eo = ~~Nqz~*[l.Oll(c*/w)* - 2.409(~*/w)~] (3) 

The quantities e* and c* represent, as usual, the char- 
acteristic energy and volume per segment and qz the 
number of nearest neighbor sites per chain, equal to  
s(z - 2) + 2 ,  z being the coordination number. In 
terms of these quantities the reduced variables of state are 

1: = V/(NSC*) = c l r*  
r- f' = ckT/(qze*) 

fJ = psa*/(qze*) (4) 

Thus a geometric (s) and a dynamic (c) parameter de- 
scribe the chain character of a molecule. As discussed 
in the Introduction, we write for the free volume the 
following alternative expressions as functions of y and 
the reduced cell volume W 

t t  = cf/l.* = [y(W'/z - 2-'/6) + (1 - y)-'/3 u 1 3 (1-5) 

(11-5) 1 ,  Pi = ~ ( 5 ' ~  - 2-'/6)3 + (1 - y)W 

where each first term represents a "solidlike" and each 
second one a "gaslike" c ~ n t r i b u t i o n . ~  In assumption I 
we average linearly over single modes of motion, and in 
I1 over free volumes, i.e., over units of three degrees of 
freedom. Equation 11-5 is basically identical with 
Henderson's expression. The difference lies in the sim- 
plifying replacement of the Lennard-Jones and Dev- 
onshire free volume for the solidlike part by the square- 
well approximation. Actually, the specific nature of 
this term is not important here, since the gaslike con- 
tribution strongly predominates in the final result. In  
eq 1-5 on the other hand, it will turn out that both com- 
ponents contribute significantly in the pertinent range 
of variables, the first part being more important at 
sufficiently low temperatures, as it should. We have 
nevertheless retained the square-well approximation 
throughout. There will appear, however, significant 
differences for spherical fluids between Henderson's and 
our numerical results in assumption 11. These arise 
essentially from the choice of the potential Eo. In eq 3 
the contribution of nonnearest neighbor shells is in- 
cluded whereas Henderson retains only the first shell 
interactions. The numerical coefficients in eq 3 would 
therefore be 1 and 2, respectively. 

To obtain the free energy as a function of V and T we 
require the function y(  V ,  T ) .  It will be obtained by the 
minimization of the Helmholtz free energy or 

@Z/dY)V,T = 0 (6) 
From eq 1-5 we find 

(s!3c)[(s - I)/S + J,-I In (1 - J~) I  = ~ ( y ,  P) + 

with 
(y/6T')(~*F)')-'[2.409 - 3.033(yF)-?] (I, 11-6) 

L,  = [2-'/6y(y8)-'/3 - l/,J[l - 2-'/6~v(y7)-'/3]-1 

L~~ = (l13){2y - 1 - ~ [ i  - 2--1/8(~~F)-'/3]~ - 

y[1 - 2-"6('.")-''3]3] { 1 - ?' + - 2-'/6(J3F)-'/3]3]-1 

Equations 1-6 apply to both chain liquids and spher- 
For the latter the expressions are obtained ical fluids. 

by settings = c = (1 = 1 .  

From the relations p = -(dF/dv), and V ( ~ F / ~ W ) , ~ , ,  
= ( d F , / d . ~ ) ~ ~ , ~ ,  one derives 

p = -(dF,'dY),,,,&, = (.,~/V)(dF/dJ~)~,, 

and the reduced equation of state 

pF/T = M(y,  7 )  + (2y/T). 

(yF)-?[l .011(yf)-? - 1.20451 (I, 11-7) 

with 

MI [I - 2-'/~y(y~)-'/~]1-1 

M , ~  = [ 1 - 4' + ~ [ i  - 2-'/y~.8)-':~]2} x 
{ 1 - y + y[l - 2-'/6(y~)-'h]3)-1 

We observe that y in eq (I, 11-6) is a function of the chain 
length s and the ratio sic and does not depend on the re- 
duced variables, eq 4, solely. Hence, formally, this 
theory does not lead to a principle of corresponding 
states for chain fluids, even when the well-known condi- 
tions on the potential are met. A consideration of this 
point will be postponed until section IV. 

Next we obtain the expression for the reduced co- 
hesive energy density (ccd) - lZ,/P, ciz. 

- C/P = (~~ /2a ) (~ ,F ) -~ [2 .409  - l .Ol l ( .~F)-~]  (8) 

and the reduced internal pressure, (dc/da)+,  ciz. 

pi = ('4)(~3T)-'[2,4O9 - 3.033(yF)-2](d~/dF) + 
(2~.:f)(~17)-~[1.2045 - 1.011(J9F)-?] (9) 

The difference between the two assumptions (eq 5 )  
resides in the actual magnitudes of the J, values and their 
derivatives. For the latter we have 

(P/y)(dy/df)~ = { Q - ()./'2~)(yF)-2[12.132(?-(f)-2 - 
4.8181) { R  + (~'/2T')(!'8)-2[9.099(~.F)-? - 2.4091 + 

(s/c)[J'-~ In (1 - y) + 1/(1 - 1,)1]-1 (I, 11-10) 

where 

RI = 2Q1 = (4/JM1M~ - 1) 

QII = (1 - X)[X3 + (1 - .v)/.v]-' X 

[x2(1 -k 3Lir) f 2x/3] 

RII = ( l i ~ . ) [ X ~  + (1 - j.)/j.]-' (1 + 3Llr) - Q I I  

and 
X = 1 - 2-"/6(y8)-'/3 

By setting y = 1 in all the preceding equations, we re- 
cover the corresponding expressions for the cell model in 
the square-well approximation. 

111. Spherical Molecule Fluids 

We will compare the preceding theoretical expres- 
sions, specialized to s = c = q = 1, with experimental 
data for argon, after reduction by means of the pair p?- 
tential constants1* e*/k = 119.8"K and G = 3.405 A. 
In order to  facilitate the comparison with other theories, 
we conform in this section to the definitions generally 
used for spherical fluids, i .e. ,  = kT/e*, ced = ced(u*/ 
e*), etc., in which the constant z is omitted in the re- 
ducing factor for the energy and hence appears explic- 

(14) J .  M.  H. Levelt, Phj.sica, 26, 361 (1960). 
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TABLE I 
COMPUTI D RI rjuctn THERMODYNAMIC I’KOI~LRTILS 

AT Z E R O  PRE59URE FOR SPHERICAL FLUIDS 

P w c-d Pi yi 

Assumption I 
1 . o  0.9601 0.3579 8.200 5.556 
1.1 0.9633 0.5468 6.972 5.434 
1 . 2  0.9661 0,6888 5.718 4.900 
1 . 3  0.9688 0.7979 4.881 4.345 
1 . 4  0.9714 0,8824 4.215 3.845 
1 . 5  0.9739 0.9482 3.678 3.411 
1 . 6  0.9764 0.9996 3.237 3.039 

Assumption I1 
1 .O 0.9247 0.5314 7.959 3.673 
1 .1  0.9325 0.9394 6,627 4.484 
1 .2  0,9393 1.2135 5,603 4.364 
1 . 3  0.9454 1,4035 4,799 4.018 
1 . 4  0.9510 1.5365 4.156 3.634 
1 . 5  0.9562 1 ,6294 3.635 3.270 
1 . 6  0.9610 1.6933 3.205 2.942 

itly in  the thermodynamic expressions. We adopt the 
value z = 12 and the computed values of F ,  cEd and pi 
presented here are then twelve times those obtained with 
the general expressions derived in the preceding section. 

In Table I are presented some results for low pres- 
sures. The procedure to be followed is to set p = 0 in 
eq 7 and to  obtain an expression for F as a fiinction of y 
and f. Values of y as a function of Y at zero pressure 
then follow from eq 6, after introducing the expression 
for ~ ( J J ,  ’c”). Once the values of j, are known, all other 
properties are readily derived. The striking fact in 
Table I is the approximate constancy of the cell size, 
especially with assumption I .  This means that nearly 
the whole expansion of the liquid is attributed by the 
theory to a continuous introduction of vacancies, as 
shown by a sharp decrease of the fraction JJ = d v  with 
increasing temperature. At this point we recall the X- 
ray scattering results for argon by Eisenstein and Ging- 
rich15 and the neutron diffraction data on krypton by 
Clayton and Heaton.l6 In both instances the whole 
liquid range up  to the critical point was covered. In 
both liquids, the increase of the nearest neighbor dis- 
tance with temperature is minimal. whereas the number 
of nearest neighbors decreases markedly. The qualita- 
tive picture emerging from these experiments is then 
very similar to  that deduced from the hole theory, pro- 
vided a dependence of the free volume on the number 
of empty sites of type eq 1-5 or  11-5 is assumed. It has 
been noted earlier‘ that when the logarithm of the free 
volume is linearized, the minimization of the free energy 
is generally brought about by an increase of the cell 
size, rather than by the introduction of holes, leading to 
results not too different from those of the cell theory. 
It is interesting to note that a strictly constant cell size 
together with eq 8 leads to the van der Waals form for 
the cohesive energy, in contrast to the result of cell 
theories, but in accord with empirical expressions. 

Several physical properties are examined next. 
Figure 1 shows the f -F relation at  zero pressure for 
argon, assumptions I and I1 and other statistical me- 

(15) A. Eisenstein and N. S. Gingrich, Ph.is. Rec. ,  62, 261 

(16) G. T. Clayton and LeRoy Heaton, ibid., 121, 649 (1961). 
(1942). 
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07 09 1.1 13 
T 
- 

Figure 1. Reduced volume-temperature relation at low 
pressure for liquid argon: A, experimental; I and 11, eq I, II- 
7; B, C, D. E, respectively, tunnel, worm, Lennard-Jones 
and Devonshire, Dahler, and Hirschfelder, according to ref 
17. 

501 

4 0 1  

cyd 30 I 1 

14 I 5  
l 3  - 12 

V 

Figure 2. Reduced cohesive energy density and internal 
pressure as a function of reduced volume for liquid argon: 
curves, eq 8 and 9 with assumption I, points, experimental. 

chanical models. l i  The predictions of assumption I are 
much better than those of I1 and compare well with the 
other theories displayed in this figure, although they are 
not as good as the results of the tunnel model. 

In Figure 2 we compare assumption I with the co- 
hesive energy density and the internal pressure of argon 
in the liquid range, taken from the data tabulated by 
Rowlinson,19 with the volume as the independent var- 
iable. The agreement can be considered quite satis- 
factory. From Table I it is seen for f > 1.2 that the re- 
sults obtained with assumption I1 are similar if the 
volume is used as the independent variable, but very 
different with temperature as the independent variable. l9 

(17) This figure is reproduced from a paper of H. S. Chung 
and J. S .  Dahler, J .  Chem. Phys., 43, 2606 (1965), to which we 
have added curves I and 11. 

(18) J. S .  Rowlinson, “Liquids and Liquid Mixtures,” Butter- 
worth and Co., Ltd., London, 1959. 

(19) D. Henderson,J. Chem. Phq’s., 39, 54 (1963). 
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TABLE I1 
COMPUTED AND EXPERIMENTAL REDUCED CRITICAL 

CONSTANTS 

Expt(argon) 7 3.16 1.26 0.116 0.29 
I 3 .9  1.27 0.115 0.35 
I1 3.0  2.07 0.246 0.36 
Henderson 7 3.39 1.42 0.139 0.33 
Tunnel 17 1 .8  1.07 0.37 0.60 
Worm 17 2.8 1 . 5  0.44 0.82 
PeekandHill 7 3.25 1.18 0.261 0.72 
Lennard-Jones 7 1.77 1.30 0.434 0.59 

and Devonshire 

TABLE 111 
COMPUTED EQUILIBRIUM VALUES OF THE CELL SIZE &, 

AT DIFFERENT VOLUMES AND TEMPERATURES 

I/P 1.20 1.30 1.50 2 . 0  2.5 3.0 

0 3 -  

Figure 3. 
curve, theory, assumption I ;  points, experimental. 

Reduced rectilinear diameters plot for 

Assumption I 
0.05 1.0219 1.0158 1.0040 0.9778 
0.10 1.0184 1.0121 1.ooO1 0.9735 
0.20 1.0106 1.0040 0.9916 0.9640 
0.30 1.0016 0.9947 0.9817 0.9533 
0.40 0.9910 0.9838 0.9704 0.9411 
0.50 0.9785 0.9710 0.9571 0.9270 
0.60 0.9635 0.9557 0.9414 0.9108 
0.70 0.9453 0.9374 0.9228 0.8919 

0.9552 
0.9506 
0.9405 
0.9292 
0.9165 
0.9021 
0.8856 
0.8667 

0.9353 
0.9305 
0.9200 
0.9084 
0.8954 
0.8808 
0.8643 
0.8455 

Assumption I1 
0.05 1.0498 1.0450 1.0358 1.0150 0.9966 0.9802 
0.10 1.0468 1.0419 1.0325 1.0112 0.9925 0.9757 
0.20 1.0400 1.0348 1.0249 1.0027 0.9832 0.9660 
0.30 1.0319 1.0264 1.0160 0.9927 0.9726 0.9550 
0.40 1.0221 1.0162 1.0053 0.9810 0.9603 0.9423 
0.50 1.0099 1.0038 0.9922 0.9671 0.9460 0.9277 
0.60 0.9946 0.9882 0.9762 0.9505 0.9291 0.9108 
0.70 0.9751 0.9685 0.9563 0.9305 0.9092 0.8912 

30 t  
1 

2 5 t  

argon : 

Figure 2 together with eq 8 indicates that the computed 
fraction of vacancies is smaller than that required to  fit 
the experimental ced. 

Next we consider the critical data and the vapor- 
liquid equilibrium. The former are obtained by a n  ex- 
amination of a series of @-8 curves in the critical region. 
Several theoretical results are compared in Table I1 with 
experimental values for argon. I t  is seen that our pre- 
dictions for the critical temperature and pressure are 
very good indeed with assumption I, but less so for the 
critical volume. The computed critical compressibil- 
ity factor is quite satisfactory. By comparison, the 
predictions of assumption I1 are rather poor, especially 
for the temperature. Figure 3 depicts the “rectilinear 
diameters” plotz0 for assumption I. It was derived by 
searching analytically for common tangents t o  the P-8 
function in the liquid and vapor region at  each tempera- 
ture. The reduced theoretical and experimental6 rela- 
tions for the vapor pressure are, respectively 

log @ = 1.53 - 3.14/5? (1-1 1) 

l o g @  = 1.29 - 2.84/5? (12) 

The agreement is good, and increasingly so on ap- 

(20) The experimental values are taken from F. Din, “Thermo- 
cynamic Functions of Gases,” Vol. 2, Butterworth and Co., Ltd., 
London, 1962. 

0 01 0 2  03 04  05 0 6  
1/3 

Figure 4. Reduced compressibility factor as a function of 
reduced density for gaseous argon at two reduced tempera- 
tures: curves, theory, eq I, 11-7; points, experimental. 

proaching the critical region. From eq 1-11 we ob- 
tain for p = 1 atm, Tb = 90.7”K, compared with the 
experimental value of 87.29 “K. 

The compressibility factor was computed with eq 1-7 
and 11-7 for the experimental range covered by the tab- 
ulation of Levelt. l 4  The pertinent equilibrium cell 
sizes are listed in Table 111. In  Figure 4 we present two 
typical results, near the critical region and at  a higher 
temperature. The experimental data are located in 
general between the predictions of assumptions I and 11. 
When the free volume is computed by averaging over 
modes of motion the compressibility is too small, 
whereas by averaging the solid and gaslike free volumes 
one obtains too large a compressibility. Figure 5 
shows the internal entropy in the liquid range, Le., the 
negative excess relative to the perfect gas a t  the same V 
and T. Again the observed values lie between I and 11. 
The former, yielding too small a compressibility, also 
predicts too low a n  entropy. The model used should 
be rather crude for the dense gas, but the vacancies pro- 
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Figure 5 .  Reduced internal entropy ( S ; / N k )  as a function of 
reduced volume for liquid argon: curves assumptions I and 
[I; points-., from A. Michels, J. M. Levelt, and G. J. 
Wolkers, Physica, 24, 769(1958); 0, computed from data in 
the following sources [P. J. Hunter and J. S. Rowlinson, 
“Simple Dense Fluids,” H. L. Frisch and Z. W. Salsburg, 
Ed., Academic Press, New York, N.Y., 1968, p 1 ;  G.  A. 
Cook, “Argon, Helium and the Rare Gases,” Vol. I. Inter- 
science Publishers, New York. N. Y., 1961; B. E. F. Fender 
and G. D. Halsey, J .  Chew. Phys., 36, 1881(1962)]. 

vide nevertheless a notable improvement for these prop- 
erties also. 

In  respect to  several properties the results of assump- 
tion I1 differ considerably from those of Henderson.’ 
We recall that this difference is essentially due to  the 
choice of the constants appearing in the lattice energy, 
Hirschfelder, Curtiss, and Byrd21 have indicated the 
pronounced influence of the higher order shells on  the 
compressibility factors, based on  the Lennard-Jones and 
Devonshire theory. The inclusion of higher order in- 
teractions represents a refinement of the model and the 
fact that a better agreement is obtained when they are 
omitted suggests some cancellation of errors. Basi- 
cally, of course, some analogous reason may be the 
source of the agreement obtained with assumption I.  

Guggenheirnz2 has examined an equation of state re- 
sulting from the combination of the scaled particle 
theory for hard spheres with a van der Waals cohesive 
term, as adopted originally by Longuet-Higgins and 
W i d ~ m . ~ ~  Some of his results for argon at  the triple 
point are shown in Table IV. Here temperature is 
the independent variable. 

TABLE IV 

FOR ARGON AT THE TRIPLE POINT 
COMPUTEI) AND EXPERIMENTAL QUAKTITIES 

Exptl Guggenheim I I1 

(T/v)(?3v/?3T)z> 0.37 0.57 0.47 0.16 
(v /R)(p /an t  7 . 4  8 . 6  8 . 4  6 . 2  

a Assuming f :>: ~ / ( 6 y ) ,  with y defined in ref 23. 
v 1.186 1 .226n 1.209 1.036 

This completes the comparison between experiment 
and our theory. We have seen that with the assumed 
form of the potential, eq 3, and the square-well approxi- 
mation, assumption I yields considerably better results 
than assumption 11. 

(21) J. 0. Hirschfelder, C. F. Curtiss, and R. B. Byrd, “Mo- 
lecular Theory of Gases and Liquids,” John Wiley & Sons, New 
York, N. Y . ,  1954,p 299. 

(22) E. A.  Guggenheim, Mol. Phj’s., 9, 43 (1965). 
(23) H. C. Longuet-Higgins and B. Widom, ibid., 8, 549 (1965). 
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Figure 6. Reduced volume-temperature relation at at- 
mospheric pressure for polymer liquids, various values of sic 
and formulations 1 and 11. The coordinate system cor- 
responds to s/3c = 1. 

IV. Chain Molecule Liquids 

We now turn to the properties of polymers. The ex- 
perimental information to  be used is contained in the set 
of master curves obtained ear lie^.^*^ At this point we 
recall that according to  eq 6 y depends explicitly on  s 
and SIC. A strict compliance with a principle of cor- 
responding states would demand a functional depen- 
dence of y on s and c through reduced variables solely. 
I t  will turn out, however, as illustrated for instance in 
Figure 6, that the curves for different values of the ratio 
s/c are superimposable and hence a practical principle 
of corresponding states is derivable from our hole 
theory. 

In order to obtain the characteristic reducing param- 
eters from a superposition of experimental and theo- 
retical curves, a previous knowledge of the values of s 
for oligomers, and sic in all cases is required in order to 
construct the theoretical curves. It follows from what 
was said before that a unique numerical value of s/c for 
a n  infinite polymer can not be assigned from its equa- 
tion of state. This is also true in the cell theory, but 
there the term s/c enters only into the definition of and 
is not required explicitly. To obtain self-consistent 
values for a given polymer series, a n  iteration proce- 
dure, involving oligomers, may be employed in conjunc- 
tion with the analysis for finite molecular weights given 
earlier.24 It was observed that the ratios (s/n)/(s/n)-, 
(c/n)/(c/n)-, and (q/n)/(q/n)T are linear in l/n, pro- 
vided that e* and u* are constant for the series and 
identical for terminal and middle segments. Moreover, 
these relationships are independent of the model used. 
Selecting an arbitrary value of (sic)=, one obtains by 
superposition of V-T and ced-V data for the high 
polymer a set of numbers for (sin)=, (c/n)-, E * ,  and E * .  

These determine the corresponding first two quantities 
for a given finite n-mer by means of relations previously 
determined 2 4  or to be found from appropriate oligomer 
studies. On repeating the comparison between theory 
and experiment for the oligomer, values of E* and G* are 
derived, which should be identical with the set obtained 
for the high polymer. If this is not the case, a second 
value of (sic)= is chosen and the procedure repeated 
until constancy of e *  and c* is achieved. Of course, the 

(24) R .  Simha and A. J. Havlik, J .  Amer. Chem. Soc., 86, 197 
(1964). 
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iteration can also be applied to  a set of oligomers solely. 
Computations of this type go beyond the purpose of 

this paper, which only explores to what extent a hole 
theory can describe the properties of chain liquids. 
Since the curves computed for widely different values of 
s/c are practically superimposable, only a few cases need 
to be considered. To solve the minimization condition 
we have assumed s - 1 'V s and chosen for s/3c the 
values 1.0, 0.3, and 0.0. The first corresponds to  an 
idealized single bonded backbone with no barrier to 
internal rotation. This number will decrease if the 
chain becomes more flexible or if structured side groups 
are attached. The ratio sj3c = 0.3 represents a case 
where there are approximately three degrees of freedom 
per segment. Finally, as a lower limit, we have treated 
the case s/3c - 0, although it does not represent a 
realistic system. The fact that the results obtained d o  
not differ appreciably from each other indicates their in- 
sensitivity to variations in the quantity sjc and justifies 
the use of a single value in applying the equation of state. 
The superposition of experimental and theoretical 
master curves determines in each case a set of reducing 
factors and hence of apparent values for the constants 
e*  and G*. In  Table V we indicate the values of the 
parameters relative to  those derived from the cell theory. 

TABLE V 
RELATION BETWEEN CHARACTERISTIC PARAMETERS FOR 

POLYMER LIQUIDS IN CELL THEORY~ AND HOLE 
THEORY FOR VARIOUS VALUES OF SIC 

Assumption I 
1 .o 0.9506 0.4027 1.0563 
0 . 3  0.9572 0.5012 1.0505 
0 . 0  0.9616 0.5559 1 ,0448 

Assumption I1 
1 . o  0.9772 0.7211 0.9791 
0.3 1.000 1.084 0.9424 
0 . 0  1.014 1.365 0.9220 

a See ref 3-5. 

The predicted numbers of holes for spherical mole- 
cules and polymers turn out to  be very similar. In 
Figure 6 a series of theoretical curves for assumptions I 
and I1 are shown, together with the experimental re- 
duced p-p function. In both instances the system of 
coordinates is defined by the choice s/3c = 1 .O. Clearly 
the introduction of holes results in a notable improve- 
ment over the cell theory. The range of agreement has 
been doubled, covering about the whole experimental 
region. No significant differences appear between the 
two assumptions and the curves obtained with different 
values of s/3c are superimposable, within the scatter ob- 
served in the construction of the experimental universal 
curve. Results for s/3c = 1.3, corresponding to  in- 
creased chain rigidity and not shown here, are in ac- 
cord with this statement. An examination of eq 6 in- 
dicates that a change in (s - l)/s should have the same 
effect in the computation of y as a change in s/c. 

The results for pi and ced are presented in Figure 7 
where the coordinate system corresponds to  s/3c = 1. 
As p r e v i ~ u s l y , ~  the pressure shifting parameters were 
established by equating the theoretical and experimental 

\ 
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Figure 7. Reduced internal pressure and cohesive energy 
density as a function of reduced volume for polymer liquids, 
various values of sic, and cell theory. Points, from experi- 
mental master curves. Top, assumption 11, bottom, assump- 
tion I. Coordinate system as in Figure 5. 

values of the ced at a particular point, corresponding t o  
f(cell> = 1.16 (in the cell coordinate system) and the 
values obtained are displayed in Table V. The final 
results are very similar for assumptions I and 11. The 
curves for the cohesive energy density are superimpos- 
able but a slight separation for different s/c is noted in 
regard to  the internal pressure. I t  should be noted that 
no adjustable parameter is left in the computation of 
f i , ,  and that with slightly different values for the reducing 
parameters, superposition could probably be achieved. 
The comparison with the cell theory5 shows that for the 
ced the hole theory is successful in the same range as the 
former. The deviations are somewhat greater in the 
high-temperature region where, however, both theories 
are deficient. Furthermore, both the hole and the cell 
theory fail in describing the internal pressure function 
although now the maximum is displaced to the left, and 
the shape of the curve improved. This suggests that 
modifications in the hole theory may lead to  better 
agreement in respect to f j , .  

Finally the compressibility factor may be computed 
from eq 7, after solving the minimization condition at  
each volume and temperature. As can be predicted 
from the relation between the compressibility and the 
internal pressure, the use of assumptions I or I1 and of 
different values of s/c has the same effect as inp, ,  that is, 
there is a slight difference between the results obtained 
with eq 1-7 and 11-7, and the curves corresponding to  
different values of sjc d o  not superimpose completely, 
when use is made of shifting parameters from the ced. 
As a n  example we show in Figure 8 the compressibility 
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Figure 8. Reduced compressibility factor as a function of 
reduced density for polymer liquids at two reduced tempera- 
tures with assumption I and s/3c = 1. 

factor computed at two reduced temperatures with as- 
sumption I and s/3c = 1.0. The experimental curves 
are plotted using the reduced Tait representation. 
The theoretical curves are too flat which implies too 
high a compressibility. Since the expansivity a t  atmo- 
spheric pressure is correctly given, this result is consis- 
tent with the low values obtained for pi, although the 
simple inverse relation between the internal pressure 
and the compressibility is valid a t  low pressure only. 
The cell theory curves are closer to the experimental re- 
sults but a t  sufficiently high temperatures the inade- 
quacy of this theory with respect to  the r - p  function is 
again revealed. 

The thermodynamic property for which most infor- 
mation is available in polymers is the atmospheric pres- 
sure isobar and here our theory is clearly successful. 
With respect to the energy and pressure properties the 
quantitative results are not superior to  those of the cell 
theory. In  any case the free volume theory offers the 
advantage of flexibility in formulation and thus the pos- 
sibility of improved quantitative predictions. 

V. Discussion 

Any statistical mechanical treatment presupposes, of 
course, a n  explicit form of the intermolecular potential. 
We have followed the custom of adopting a 6-12 form 
and assuming pairwise additivity. In  spherically sym- 
metrical cases, deviations between theory and experi- 
ment have been ascribed to  deficiencies in the statistical 
mechanical treatment. The inadequacies of the 6-12 
potential a t  low densities have been repeatedly dis- 
cussed, but it appears to  represent a good effective pair 
potential for the dense fluid. l 1  

Turning to inadequacies of the statistical mechanical 
model, we recall the square well approximation in the 
solidlike free volume, which may introduce errors be- 
cause of the flat bottom and, at high temperatures, due 
to the repulsion. Moreover, specific assumptions had 
to  be made in respect to the dependence of cf on .v. It 
has been pointed out by BlomgrenY that a linear depen- 
dence of the free volume on  y may be inadequate a t  low 
cell volumes. Finally, there is the uniformity in the 
hole size inherent in the lattice model. 

In the case of chain liquids an additional assumption 
appears, that is the factorization of the cell partition 
function into c elements, see eq 1. Moreover, the use 
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Figure 9. Reduced cohesive energy density and internal 
pressure as a function of reduced volume for liquid argon: 
curves, eq 8 and 9 with assumption I ;  points, experimental. 
For the reducing procedure see text, section V. 

of a spherically symmetrical and pairwise additive po- 
tential at the close distances implied by the liquid state 
may be open to  question for a structure such as a sty- 
rene segment or require a reformulation in terms of 
atom-atom interactions. One would like to  gauge the 
influence of these simplifications by a comparison of the 
relation between theory and experiment for polymers, 
rare gases, and monomer-type molecules. However, 
different fitting procedures are involved, depending on 
the system. The mere fact that similar results are ob- 
tained for polymers with assumptions I and 11, in con- 
trast to  the large differznce observed in section 111, em- 
phasizes the necessity of treating the experimental data 
for chain liquids and argon in the same manner, if such 
a comparison is to  be meaningful. This necessarily de- 
mands an identical superposition procedure of experi- 
mental and theoretical curves for argon and polymer 
systems. 

We start with the V-T data a t  low pressures, which 
can be fitted to  the zero pressure function and yield 
V* = 25.06 cm"mo1 and T* = 141.9"K, compared with 
the 6-12 second virial coefficient values of 23.28 and 
119.8. The pressure parameter is then derived by fit- 
ting the cohesive energy density at a particular point. 
We select T = 90°K and obtainp* = 319.12 atm, com- 
pared with 412.54. The difference can arise from 
changes in e* and c (see below). Figure 9 shows the 
comparison between the theoretical c d's and &'s 
for spherical molecules and experimental values 
reduced with these new scale factors. With reduced 
volumes determined by a fitting of the V-T data, and 
reduced ced's derived from the initial region of the 
curve, the relative position of theory and experi- 
ment is similar in respect to the configurational 
energy to that seen in Figure 7 for polymers. The 
appearance of the p ,  curves is indeed different, but 
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we recall that, whereas for nonpolar chain liquids pi is 
generally about 10% larger than ced, for argon pi turns 
out to be 10% smaller. Thus, if we can assume for 
small molecules experimental values of pi approximately 
20% higher than in Figure 9, a behavior similar to  the 
one for polymers, Figure 7 results. As for the compres- 
sibility factor, the relation between theory and experi- 
ment remains inverted for argon and polymer. We 
should mention here a difficulty already; encountered in 
this type of analysis, that is, the ratio p* V*/T* for argon 
becomes different from unity. This could be ascribed 
to the existence of different effective values of e* when 
considering different properties, or to c being unequal 
to unity. In the first case we can define5 factors fT and 
f p ,  and the principle of corresponding states remains 
valid if the ratio fr/fp is universal. In the case p*V*/ 
T* = c and for argon we find c = 0.69. It is true that 
the theoretical curves used for the present comparison 
were computed with s = c = 1. However, whereas a 
change in these parameters leads to a new system of 
coordinates, the relative position of theoretical curves 
and experimental points is essentially unaffected by this 
change, as seen in Figures 6 and 7. In Figure 4, the 
lower temperature corresponds to the vapor region 
slightly above the critical point. However, the relation 
between theory and experiment js similar below T, for 
reduced densities in excess of 0.55. That is, the com- 
puted compressibility factors (assumption I) are too 
large in the liquid region also. The revised reduction 
factors for argon shift the experimental points to  the 
right on the abscissa and upward on the ordinate. The 
net result is a small displacement of the experimental 
curve to  larger ordinate values. We conclude that a n  
unequivocal difference between argon and polymer ex- 
ists in respect to  the computed compressibility coeffi- 
cients, which are too large for the latter. 

Argon is most appropriate as a testing ground for the 
various approximations current in liquid state theories. 
However, it may not represent the most suitable pro- 
totype of a monomer. The difference in the ratio ced/ 
pi between the two systems noted above once more 
underlines the need of repeating the analysis of section 
I11 and the comparison attempted in this discussion for 
other small molecules, such as benzene, carbon tetra- 

chloride or  representative monomers. The treatment 
of the ced data either masks or is insensitive to  the ex- 
pected differences in the potential function of argon and 
polymers. If further investigations show that monomer 
and polymer liquids differ only in respect to the com- 
pressibility factor, but not in the other properties inves- 
tigated, it would suggest strongly that the factorization 
approximation in particular requires more detailed ex- 
amination. 

As first introduced,' a detailed evaluation of the chain 
dynamics in the environment of other chains has been 
replaced by the intuitive use of the dynamic parameter 
c, which is assumed to be independent of the variables 
of state. It is this assumption, of course, which has 
greatly facilitated the evaluation of the partition func- 
tion. Using harmonic oscillator language, this re- 
quires strictly a separation of independent modes in the 
isolated chain into two groups of very high and very low 
frequencies relative to  a characteristic lattice frequency 
with no intermediate region in the spectrum. In the 
real chain 3c can therefore only represent a n  apparent 
number of low-frequency modes. If this number is 
permitted to  vary with V and T ,  a factorization of the 
total partition function into an external and internal 
part is no longer possible. Alternatively one may ex- 
plicity include in the spectrum of the single chain a band 
of frequencies of magnitudes comparable with the lat- 
tice frequency. Such modifications would necessarily 
introduce characteristics of the particular polymer. 
Hence a principle of corresponding states would be in- 
validated, unless an argument is made that nonbonded 
interactions primarily determine the intramolecular ro- 
tational potentials and these can be related to  the inter- 
molecular potentials in the same manner for a series of 
related substances. This may be closer to reality in 
chains with bulky side groups than otherwise. 
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